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We study the Bell inequality in a holographic model of the casually disconnected Einstein-
Podolsky-Rosen (EPR) pair. The Clauser-Horne-Shimony-Holt(CHSH) form of Bell inequality is
constructed using holographic Schwinger-Keldysh (SK) correlators. We show that the manifesta-
tion of quantum correlation in Bell inequality can be holographically reproduced from the classical
fluctuations of dual accelerating string in the bulk gravity. The violation of this holographic Bell
inequality supports the essential quantum property of this holographic model of an EPR pair.
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I. Introduction
Bell inequality plays an important role in quantum
physics [1]. Because correlations in local classical the-
ories are bounded by the Bell inequality, which can be
violated by the presence of the non-local entanglement
in quantum mechanics. The violation of Bell inequality
in the entangled Einstein-Podolsky-Rosen (EPR) pair [2]
indicates that two particles have an “instant interaction”,
in contrast to theories of hidden variables that preserve
strict locality [1–5]. The Bell inequality is a very gen-
eral test in quantum physics. In addition to the Bell’s
tests in laboratories, there are also discussions of detec-
tions in cosmological scales, to confirm that whether the
inflated primordial fluctuations are quantum mechanical
in nature [6–8].
In general relativity, two distant black holes can be
connected by the wormhole or Einstein-Rosen (ER)
bridge [9]. Recently, Maldacena and Susskind proposed
the ER=EPR conjecture [10, 11], which suggested that
the ER bridge can be interpreted as maximally entangled
states of two black holes that form a complex EPR pair.
This conjecture was proposed to resolve the Almheiri-
Marolf-Polchinski-Sully (AMPS) paradox without resort-
ing to a firewall [12]. Interestingly, the ER=EPR conjec-
ture implies that entanglement, which is thought to be a
quantum mechanical effect of the EPR pair, can be cap-
tured by a complex ER bridge in gravitational theory.
Inspired by the original ER=EPR conjecture, a con-
crete holographic model of the EPR pair was proposed
in Ref [13], based on the Anti-de Sitter/Conformal Field
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Theory(AdS/CFT) correspondence [14] and one exact so-
lution of the accelerating string in AdS5 spacetime [15].
In the holographic model, the EPR pair with two ac-
celerating quasiparticles on the boundary is proposed to
dual to an uniformly-accelerating open string in AdS5
spacetime and the endpoints of the string are attached
to the boundary. Therefore, it is a holographic realiza-
tion of the EPR pair, with an effective wormhole induced
on the worldsheet in the AdS bulk. One should notice
that the holographic setting is different from the original
ER=EPR conjecture in which both ER and EPR live in
the same spacetime dimensions.
In this paper, we focus on the Bell inequality in the
holographic EPR model. We will show that the Bell in-
equality violated by the EPR pair living on the boundary
can be captured by the perturbations of the dual accel-
erating string with an effective wormhole on the world-
sheet living in the AdS bulk spacetime. To test the en-
tanglement of the EPR pair, Bell inequality is a natu-
ral choice as it provides a sharp test of entanglement.
Since in the holographic model of an EPR model [13],
it shows that the two quasi-particles are indeed entan-
gled with each other, which indicates the violation of the
Bell inequality. It is reasonable that one quantity in the
holographic model can be indentified as the correlator in
the Bell inequality, and our proposal is that the holo-
graphic Schwinger-Keldysh (SK) correlator can just play
the role. Thus, the violation of holographic Bell inequal-
ity supports the quantum entanglement property of this
holographic model of an EPR pair.
In the following section II, we firstly review the Bell in-
equality in quantum mechanics as well as in the field the-
ory. In section III, we summarize the holographic model
of the EPR pair. Our main result is in section IV, where
we construct the Bell inequality based on this holographic
model. We discuss and conclude the results in section V.
In the appendix A, we give more details on the derivation
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2of the holographic Schwinger-Keldysh correlators.
II. Bell Inequality in Quantum Theories
In this section, we will review the essence of Bell
inequality, which is captured in the Clauser-Horne-
Shimony-Holt (CHSH) correlation parametrizations [3].
The entangled states made of a pair of spin 1/2 particles
are detected by two observers, Alice and Bob, respec-
tively. While the generalization to particles of higher
spin is straightforward. The operators correspond to
measuring the spin along various axes with outcomes of
eigenvalues ±1. Performing the operations A and A′ on
the first particle at Alice’s location, and operations B
and B′ on the second particle at Bob’s location. With
the Pauli matrices ~σ = (σx, σy, σz), and the unit vector
~n = (nx, ny, nz) to indicate the spatial direction of the
measurement, we have the following operators
As = ~nA·~σ, A′s = ~nA′ ·~σ, (1)
Bs = ~nB ·~σ, B′s = ~nB′ ·~σ. (2)
Then the CHSH correlation formulation is introduced as
〈Cs〉 = 〈AsBs〉+ 〈AsB′s〉+ 〈A′sBs〉 − 〈A′sB′s〉, (3)
which is a linear combination of crossed expectation val-
ues of the measurements.
In a local theory with hidden variables, the formula
is bounded by the Bell inequality |〈Cs〉| ≤ 2. While
in quantum mechanics, this inequality can be violated,
with a higher bound |〈Cs〉| ≤ 2
√
2 [4] (see also [6] for
the cosmological case). For example, if we choose the
entanglement state of a spin singlet
|ψs〉 = 1√
2
(|↑〉 ⊗ |↓〉 − |↓〉 ⊗ |↑〉), (4)
and take the measurements along the (x, y) plane, i.e.
nA = (cos θA, sin θA, 0) etc., it is straightforward to show
GsAB ≡ 〈ψs|AsBs|ψs〉 = − cos θAB . (5)
Here cos θAB = ~nA·~nB depends on the relative angle of
the measurements. And from (3) we have
〈ψs|Cs|ψs〉 = − cos θAB− cos θAB′− cos θA′B+ cos θA′B′ .
(6)
In particular, if we fix the direction of A and A′, as
well as the angle between B and B′ as pi/2,
θA = 0, θA′ =
pi
2
, θB′ = θB − pi
2
, (7)
then we have the relation depended on the direction of
B,B′,
〈ψs|Cs|ψs〉 = −2
√
2 cos
(
θB − pi
4
)
. (8)
For 0<θB<pi/2, the Bell inequality |〈Cs〉| ≤ 2 can be
violated, and we reach the maximal violation at θB =
pi/4, with an extra factor of
√
2.
Bell’s Test in Field Theory— Before we move to the
holographic model, it is instructive to discuss the Bell’s
test in the context of the quantum field theory. The
test can be described by a process with the transition
amplitude
A = 〈A↑B↑|T [PAPB ]|ψs〉, (9)
where a spin singlet state of Eq.(4) is measured by the
projection operators
PA =
1 + ~nA·~σ
2
, PB =
1 + ~nB ·~σ
2
, (10)
to the final state |A↑B↑〉 which is both spin up in the ~nA
and ~nB directions. Note that the operators are time-
ordered since one can either measure PA or PB first.
Squaring the amplitude to get the probability
P ∝ |A|2 =
∑
X
〈ψs|T [PAPB ]†|X〉〈X|T [PAPB ]|ψs〉
= 〈ψs|T [PAPB ]|ψs〉, (11)
where only |A↑B↑〉 contributes in the complete set of
state |X〉 in the first line and we have used the commu-
tativity of PA and PB , as well as P
2
A = PA and P
2
B = PB
for projectors.
The above discussion shows that the Bell’s test is mea-
suring a time-ordered Green’s function which does not
have to vanish when PA and PB are outside of each
other’s light cone. A familiar example of this is Feynman
propagator which is also a time-ordered Green’s func-
tion. Typically, this dramatic property of the Green’s
function does not show up in physical observable. It
is very interesting that Bell’s test relates those Green’s
functions to observables through Eq.(11). In the follow-
ing holographic EPR model, we will study the contour
time-ordered Schwinger-Keldysh correlators of the EPR
pair holographically.
III. Holographic Model of an EPR Pair
In this section, we summarize the holographic model
of an EPR pair in Ref. [13]. The holographic model
proposed that an entangled color singlet quark anti-
quark (q-q¯) pair in N=4 supersymmetric Yang-Mills the-
ory (SYM) can be holographically described by an open
string with both of its endpoints attached to the bound-
ary of AdS5. The string connecting the pair is dual to
the color flux tube between the two quarks, with a 1/r
Coulomb potential as required by the scale invariance of
boundary theory. Note that there is no confinement in
this theory, therefore the pair can separate arbitrarily far
away from each other.
3It was shown in [16] that the holographic EPR model
corresponds to the Lorentzian continuation of the holo-
graphic Schwinger model. Since the particles are pro-
duced from the vacuum, they are necessarily entangled
with one another, no matter what the actual nature of the
particles, may they be quarks and antiquarks and even
charged W± bosons. Various studies of related models
can also be found in [17–21].
There are numerical solutions of the string shapes with
different boundary behaviors [22–24]. But it is more con-
venient for us to work with the analytic solution for an
accelerating string treated in the probe limit such that
the back reaction to the AdS geometry is neglected [15].
In this analytic solution, the open string is also acceler-
ated on the Poinca´re patch of the AdS5 spacetime
ds2 =
L2
w2
[− dt2 + dw2 + (dx2 + dy2 + dz2)], (12)
with the AdS radius L and extra dimension with coordi-
nate w. The string solution in the AdS5 bulk is governed
by the semicircle
z2 = t2 + b2 − w2. (13)
For infinitely heavy test quarks, the quark and anti-quark
live on the AdS boundary w = 0. They are accelerating
along the ±z direction, respectively, with the trajectories
z = ±√t2 + b2. Therefore, the two entangled particles
are out of causal contact with each other the whole time.
For the dynamical heavy quarks with the finite mass m,
the string needs to end on a flavor probe brane [25, 26] at
a small but finite zm =
TsL
2
m < b, where Ts is the tension
of the string. A constant electric field E = m/b on the
flavor brane is responsible for accelerating the quasipar-
ticles [13].
String fluctuations.— To consider the string fluctua-
tions, we transform the solution to the two co-moving
frames of the accelerating particles with coordinates
(τ˜ , r˜, x, y, z˜) via
|z| = b√1− r˜ez˜ cosh τ˜ , t = b√1− r˜ez˜ sinh τ˜ ,
w = b
√
r˜ez˜, x = b x˜, y = b y˜. (14)
These two frames, which cover the regions z ≥ 0 and
z ≤ 0 separately, are accelerating frames with a constant
acceleration a = 1/b along opposite directions of z. And
(14) only maps the upper part of the string (0 < w < b)
into the proper frames of the accelerating particles with
0 < r˜ < 1. Plugging this transformation (14) in the
string solution (13), one finds the string configuration
becomes z˜ = 0 for both frames of the quark and anti-
quark. Under this transformation (14), the metric (12)
becomes
ds2=
L2
r˜
[
−f(r˜)dτ˜2+ 1
4r˜
dr˜2
f(r˜)
+e−2z˜
(
dx˜2+dy˜2
)
+dz˜2
]
,
(15)
where f(r˜) = 1− r˜. There are the bifurcate Killing hori-
zons at r˜ = 1 associated with both frames of the acceler-
ating quark and anti-quark. Furthermore, with respect
to the time τ=bτ˜ , the Unruh temperature Ta =
1
2pib =
a
2pi
[15, 21]. We have set the reduced Planck constant ~ and
Boltzmann constant kB to be unit. The regular ther-
mal state with this temperature is similar to the Hartle-
Hawking state in this spacetime with the Unruh vacuum,
and more details are addressed in the appendix A.
As shown in Fig. 1, the two horizons are connected by
part of the string which can be seen as an effective ER
bridge on the string worldsheet. It is suggested to be a
holographic realization of the EPR pair in [13], although
the dimensions are different from the original ER=EPR
conjecture [10, 11]. In this holographic model, EPR lives
at the boundary with 3+1 dimension while the “effective
ER” lives on the worldsheet in bulk with 4+1 dimension.
IV. Constructing Holographic Bell Inequalityl
In this section, we construct Bell Inequality in the holo-
graphic model of an EPR pair in [13]. The spin measure-
ment of the particles can usually be carried out by the
Stern-Gerlach type experiment which applied a magnetic
field gradience to generate a force that acts on the spins of
the particles. We expect similar measurement can be car-
ried out in the holographic EPR model, which introduces
fluctuations to the world lines of quasiparticles which set
the boundary conditions for the worldsheet of the string
fluctuations. Let x˜a = (τ˜ , r˜) be the new worldsheet coor-
dinates in the comoving frame, then the string fluctuation
is described Xµ(τ˜ , r˜) =
(
τ˜ , r˜, q˜i(τ˜ , r˜)
)
, with i = (x˜, y˜, z˜).
When the fluctuations q˜i  1, the Nambu-Goto action
of string with tension Ts becomes
SNG'−TsL2
∫
dτ˜dr˜
2r˜3/2
{
1 +
[
2r˜f(r˜)q˜′iq˜
′
j −
1
2f(r˜)
˙˜qi ˙˜qj
]
hij
}
,
(16)
where q˜′i ≡ ∂q˜i∂r˜ , ˙˜qi ≡ ∂q˜i∂τ˜ and hij = diag[1, e2z˜, e2z˜]. The
classical equations of motion for the fluctuations on the
string are
∂r˜
(2f q˜′i
r˜1/2
)
− ∂τ˜
( ˙˜qi
2f r˜3/2
)
= 0. (17)
Focus on the transverse fluctuations along i = x˜, y˜,
q˜i(τ˜ , r˜) =
∫
dω
2pi
e−iωτ˜ q˜i(ω)Yω(r˜), (18)
where q˜i(ω) is the Fourier transform of fluctuation on
the boundary directions and Yω(r˜) is the function of the
radio direction r˜ and frequency ω .
The retarded Green’s function of the particle under ef-
fective random force F i(τ) can be defined as iGijR(τ) =
θ(τ)〈[F i(τ),F j(0)]〉 [15]. In the AdS/CFT correspon-
dence, F i(τ) is the operator conjugate to the fluctuations
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FIG. 1. Schematic diagram for the test quark(q)-antiquark(q¯)
EPR pair in holographic model at a fixed time t > 0. From
(14), the trajectory of left(right) worldsheet horizon is on w =
b, which depicts the intersect of the string with the world
volume horizon seen by q(q¯) in its co-moving frame. The Bell
inequality test is performed by the measurements at Alice and
Bob’s locations. The AdS black brane is present only in the
finite temperature case, which we will briefly discuss in the
last section.
qi(τ) of the fundamental string, where the dimensionful
quantities are τ = bτ˜ , qi = bq˜i. In the low frequency limit
ω → 0, it can be obtained analytically as
GijR(ω) = −
2TsL
2
b2r˜1/2
f(r˜)Y−ω(r˜)∂r˜Yω(r˜)δij
∣∣
r˜→0
= −a
2
√
λ
2pi
iωδij +O(ω2), (19)
and we have used the fact that TsL
2 =
√
λ
2pi .
What we need for the Bell’s test is the contour time-
ordered Schwinger-Keldysh (SK) Green’s function,
iGijAB(τ, x) = 〈F iA(τ, x)F jB(0)〉, (20)
where F iA and F jB are separately defined on the causally
disconnected left and right wedges of the Penrose di-
agram, corresponding to the boundaries of different
patches of the AdS space. With these conjectures, in
[27], it was shown that in the semi-classical limit of
the AdS/CFT correspondence, the two-point correlators
can be calculated from the variations of the generating
function of the boundary quantum field theory, which
is identified with the total on-shell action of the dual
field in the bulk gravity. In our case, the bulk fields
are the string fluctuations, which are governed by the
equations of motion from the Nambu-Goto action in the
bulk gravity, with the corresponding boundary conditions
q˜i(τ˜ , r˜)|r˜→0=q˜Ii (τ˜). Thus, through the AdS/CFT cor-
respondence in semi-classical limit (or large-N, large ’t
Hooft coupling limit of the dual field theory), the gen-
erating function of the holographic EPR pair could be
assumed to be
ZEPR ≡ 〈e i~SEPR〉
AdS/CFT' e i~SNG[q˜Ii ,q˜Jj ]. (21)
After considering the holographic advanced and re-
tarded Green’s functions in (A21) (A22) in Appendix A,
taking functional derivatives of ZEPR with respect to q˜
I
i
and q˜Jj will yield the Schwinger-Keldysh(SK) correlators
in the holographic EPR pair
iGijIJ ≡
~2
i2
δ2 lnZEPR
δ(q˜Ii )δ(q˜
J
j )
' δ
2SNG[q˜
I
i , q˜
J
j ]
δ(q˜Ii )δ(q˜
J
j )
, (22)
where the semiclassical limit in (21) has been used.
This off-diagonal SK correlator for the EPR pair is
found to be related to the holographic retarded Green’s
function
iGijAB(ω) =
−2e−ω/(2Ta)
1− e−ω/Ta ImG
ij
R (ω) , (23)
which has been examined in the equation (A23). It is
similar to what was found for the boundary field theory
in Refs. [27–29] but that is from the on-shell action of
the bulk gravity. From the boundary theory’s viewpoint,
the operators F iA,F iB in (20) conjugated to the sources
q˜Ai , q˜
B
i are quantized through path integral quantization.
However, in the semi-classical limit of the AdS/CFT cor-
respondence for the string worldsheet in (21), the final
result of the path integral of this quantum EPR the-
ory is assumed to be the exponentiated classical on-shell
Nambu-Goto action SNG[q˜
I
i , q˜
J
j ] in (A20). From the bulk
theory’s viewpoint, the string in the AdS bulk is in the
probe limit and the string fluctuations are still governed
by the classical equations of motion in (17), which are
obtained from the variation of the Nambu-Goto action
in (16).
For fluctuations coming from two causally separated
quarks of an EPR pair along x and y directions, and in
the low frequency limit ω → 0,
iGxxAB = iG
yy
AB =
√
λa3
2pi2
, iGxyAB = iG
yx
AB = 0, (24)
which indicates that the spatial correlator GijAB ∝ δij .
The
√
λ factor is consistent with the observation that
the entanglement entropy of the entangled pair is of or-
der
√
λ [13]. It is also interesting that this SK correlator
does not vanish when the particles are separated at long
distance. This is consistent with the non-local nature of
entanglement. However, the SK correlator vanishes when
the acceleration a becomes zero, when the ER bridge on
the worldsheet disappears. Although it is unclear that
how the holographic Bell inequality is evaluated in this
case, we may only approach the zero acceleration limit
after we identify the correlation with the normalized op-
erators as in the following Eq.(25) in which a dependence
cancels.
5To study the holographic correlators, we normalize the
force operators F iI such that only the dependence on di-
rections remains
AF = (cos θAFxA + sin θAFyA)/〈FxAFxB〉1/2,
BF = (cos θBFxB + sin θBFyB)/〈FxAFxB〉1/2. (25)
Similar to (5), the mixed measurements for correlators in
CHSH correlation formulation become
〈AFBF 〉 = cos(θA − θB) ≡ cos θAB . (26)
Together with the similar normalization of the operators
A′F and B
′
F , the CHSH correlation formulation in (3)
becomes
〈CF 〉 = 〈AFBF 〉+ 〈AFB′F 〉+ 〈A′FBF 〉 − 〈A′FB′F 〉
= cos θAB + cos θAB′+ cos θA′B − cos θA′B′. (27)
For example, when θAB = θAB′ = θA′B = pi/4, and
θA′B′ = 3pi/4, we can reach the maximum value 2
√
2. It
suggests that in this holographic EPR system, the CHSH
formulation of Bell inequality 〈CF 〉 ≤ 2 can be violated,
which supports the essential quantum property of the
holographic EPR pair in Ref. [13].
V. Conclusion and Discussions
In this paper, using Bell inequality as a sharp test of en-
tanglement, we study a holographic model with an EPR
pair at the boundary theory and an effective wormhole
on the string worldsheet in the bulk. By revealing how
Bell inequality is violated in the EPR pair through the
holographic duality from the on-shell string fluctuations
in higher dimension bulk gravity, our study supports the
essential property of this holographic model of EPR pair
in Ref. [13]. We also explained that why a higher dimen-
sional classical theory can reproduce the quantum prop-
erty of the boundary theory. Because from the bound-
ary theory’s viewpoint, the operators conjugated to the
fluctuations of the EPR pair are quantized through path
integral quantization. While in the semi-classical limit
of AdS/CFT correspondence, the final result of the path
integral of this quantum EPR theory is assumed to be
the exponentiated classical on-shell Nambu-Goto action.
Thus, from the bulk theory’s viewpoint, the string in the
AdS bulk is in the probe limit and the string fluctuations
are governed by the classical equations of motion, which
are obtained from the variation of Nambu-Goto action.
In our derivation, we see that the bulk string fluctua-
tions in the AdS gravity produce the holographic corre-
lators. We assume that the holographic SK correlators
play the role as that in the CHSH formulation of the Bell
inequality in a dual EPR pair on the boundary, which
can be violated. Technically, this result relies on only
two ingredients. The first one is that the observable in
Bell’s test is a time-ordered Greens function as shown
in Eq.( 11). And it is well known that the time-ordered
Green’s function does not have to vanish when the mea-
surements PA and PB are outside of each other’s light
cone. Mathematically, this is because the behaviors of
the SK correlators outside the two horizons need to be
correlated, otherwise the solution is not smooth inside the
horizons. The second one is that the equation of motion
of the classical string, Eq.(17), has no coupling between
q˜x and q˜y such that Eq.(24) follows. This can be obtained
as long as the string does not experience a force to propa-
gate the fluctuation in the x-direction to the y-direction
which breaks parity in general. It seems once the two
conditions above are satisfied, it does not matter whether
there is an effective wormhole on the worldsheet in the
bulk. Hence it is conceivable Bell inequality can still be
violated in a holographic model where the EPR pair does
not accelerate, similar to how holographic entanglement
entropy is computed in a static system [30, 31].
In this paper we are only work with the holographic
model of an EPR pair. For future work, it is interesting
to consider the back reaction by the measurements and
see whether the effective wormhole on the worldsheet is
broken due to the energy injected by measurements. This
might provide an opportunity to study the “wave func-
tion collapse” typically used to describe how measure-
ments change the states. Another interesting topic is the
decoherence of the EPR pair in the environment. If the
environmental effect can be described by thermal fluctu-
ations, then we can add a black hole to the bulk of our
model. When the distance between the particles in the
EPR pair increases with time, the effective wormhole on
the worldsheet also approaches the black brane horizon
and then enters the horizon [32]. We expect the string
breaks after it enters the horizon which might shed light
on the decoherence process in the boundary field theory.
For the current holographic model of EPR pair we stud-
ied, the SK correlators will vanish in the limit of zero
acceleration a→ 0 and there is no “effective ER bridge”
on the worldsheet anymore. Although this does not nec-
essarily contradict with the ER=EPR conjecture, since
there may exists an ER bridge of the other sort for this
static EPR pair.
Our work is complementary to Refs. [33–35] in which
properties of quantum mechanical entanglement are
given geometrical interpretations using holography. For
example, the no-cloning theorem in the quantum me-
chanics is related to the no-go theorem for topology
change in general relativity [33]. The un-observability
of entanglement for most of the observables is related to
the undetectability of the presence or absence of a worm-
hole for most of the observables [34]. The entanglement
conservation is related to the invariant of a certain area
in general relativity [35]. It will be interesting to further
explore the connection of these results to our model on
holographic Bell inequality.
It will also be interesting to see whether our work can
be generalized to distinguish the quantum mechanical
“squashed”[36] and the classical Shannon [37] entangle-
ment. While the violation of Bell inequality for an EPR
6pair implies the pair is entangled quantum mechanically,
it is non-trivial to generalize such a test from an EPR
pair to a many-body system described by the boundary
CFT. We envision this kind of theory would be able to
subtract the classical (e.g. thermal) contribution to the
Ryu-Takayanagi entanglement entropy formula [30, 31].
Finally, the strongest version of ER=EPR suggests
that each EPR pair is literally connected by an ER bridge
[10], not just dual to an ER bridge. So both ER and
EPR coexist in the same unified theory of the same di-
mensions, in contrast to our holographic model where
ER and EPR exist in two different theories of different
dimensions. Moving the EPR pair of our model to the
bulk (which might involve quantizing the string fluctua-
tions) might provide a handle on studying this problem.
A. Holographic SK Correlator
In this appendix, we give a detailed derivation of the
relation between holographic Schwinger-Keldysh correla-
tor and retarded Green function in equation (23). The
derivation follows Ref. [27, 38]. Let x˜µ = (τ˜ , r˜, x˜, y˜, z˜) be
the dimensionless coordinates in the co-moving frame of
the of the accelerating particles via (14). The square
of line element of the AdS spacetime becomes ds2 =
g˜µνdx˜
µdx˜ν , where
g˜µν =
L2
r˜
diag
[−f(r˜), 1
4r˜f(r˜)
, e−2z˜, e−2z˜, 1
]
. (A1)
And x˜a = (τ˜ , r˜) are coordinates on the static string
worldsheet. Without loss of generality, we can con-
sider the string fluctuation as Xµ(τ˜ , r˜) =
(
τ˜ , r˜, q˜i(τ˜ , r˜)
)
,
which lead to an induced metric on the string world-
sheet gab=(∂aX
µ)(∂bX
ν)g˜µν . The Nambu-Goto action
of string with tension Ts is SNG= −Ts
∫
dτ˜dr˜
√−det gab.
When the fluctuation q˜i  1, the action becomes
SNG'−
√
λ
2pi
∫
dτ˜dr˜
2r˜3/2
{
1+
[
2r˜f(r˜)q˜′iq˜
′
j−
1
2f(r˜)
˙˜qi ˙˜qj
]
hij
}
,
(A2)
where
√
λ ≡ 2piTsL2, q˜′i ≡ ∂q˜i∂r˜ , ˙˜qi ≡ ∂q˜i∂τ˜ and hij =
diag[1, e2z˜, e2z˜] have been used.
The classicial equations of motion for the fluctuations
q˜i on the string are
∂r˜
(2f q˜′i
r˜1/2
)
− ∂τ˜
( ˙˜qi
2f r˜3/2
)
= 0. (A3)
Performing a Fourier transform,
q˜i(τ˜ , r˜) =
∫
dω
2pi
e−iωτ˜ q˜i(ω)Yω(r˜), (A4)
where q˜i(ω) is defined as the Fourier transform of fluctu-
ation on the boundary, after choosing the normalization
limr˜→0 Yω(r˜) = 1. Then (A3) becomes
Y ′′ω (r˜)−
f(r˜)− 2r˜f ′(r˜)
2r˜f(r˜)
Y ′ω(r˜) +
ω2Yω(r˜)
2f(r˜)r˜3/2
= 0. (A5)
Requiring the in-falling boundary condition at the hori-
zon, this equation is solved by
Yω(r˜) = (1− r˜)−iω/2Fω(r˜). (A6)
The complex conjugate
Y ∗ω (r˜) = Y−ω(r˜) = (1− r˜)+iω/2F−ω(r˜) (A7)
is the other solution with the outgoing boundary condi-
tion at the horizon.
We need to extend these solutions into the Kruskal
plane of the metric (A1), with new coordinates U and
V , which are initially defined in the right-quadrant
{U < 0, V > 0}, with
U = −e−2τ˜e−2r˜∗ , V = +e+2τ˜e−2r˜∗ . (A8)
And r˜∗ is placed outside the worldsheet horizon 0<r˜<1,
r˜∗ ≡
∫ √r˜
0
dw˜
f(w˜2)
=
1
2
ln
1−√r˜
1 +
√
r˜
, (A9)
with f(w˜2) = 1 − w˜2. The full extension of the metric
(A1) and string worldsheet in the Kruskal plane is shown
in Fig. 2.
U V
A B
V
\
FIG. 2. The Kruskal plane of the metric (15) in terms of co-
ordinates U and V . The string worldsheet covers four quad-
rants, with the time-like boundary A(Red) at the left quad-
rant, and B(Green) at the right quadrant.
In the right-quadrant the two solutions near the hori-
zon are
q˜B− = e
−iωτ˜Yω(r˜) ∼ e−i(ω/2) ln(V ), (A10)
q˜B+ = e
−iωτ˜Y ∗ω (r˜) ∼ ei(ω/2) ln(−U). (A11)
And in the left quadrant {U > 0, V < 0},
q˜A− = e
−iωτ˜Yω(r˜) ∼ e−i(ω/2) ln(−V ), (A12)
q˜A+ = e
−iωτ˜Y ∗ω (r˜) ∼ ei(ω/2) ln(U). (A13)
7Similar to the Herzog-Son’s prescription [27, 39], two lin-
ear combinations are analytic over the full Kruskal plane,
q˜+(ω, r˜) = q˜
B
+ + e
+piω/2q˜A+, (A14)
q˜−(ω, r˜) = q˜B− + e
−piω/2q˜A−, (A15)
which can be used as two bases for the string fluctuations,
q˜i(τ˜ , r˜) =
∫
dω
2pi
[ai(ω)q˜+(ω, r˜) + bi(ω)q˜−(ω, r˜)] . (A16)
The coefficients ai(ω), bi(ω) can be determined by the
two boundary values q˜Ai (ω) and q˜
B
i (ω) of the solutions,
ai(ω) = nω
[− q˜Ai (ω) + epiω/2q˜Bi (ω)], (A17)
bi(ω) = nω
[
epiω q˜Ai (ω)− epiω/2q˜Bi (ω)
]
, (A18)
with nω = 1/(e
piω − 1).
In the following, we calculate the boundary formula of
the on-shell Nambu-Goto action in (A2). After consider-
ing the classical equations of motions (A3) and integrat-
ing out the r˜ direction, we obtain
SNG =
√
λf(r˜)
pib2r˜1/2
(∫
A
−
∫
B
)dω
2pi
[
q˜i(−ω, r˜)∂r˜ q˜j(ω, r˜)δij
]∣∣
r˜→0.
(A19)
In (A16), we have obtained the analytic and regular solu-
tions for the string fluctuations. Putting them back into
(A19), the on-shell Nambu-Goto action becomes
SNG[q˜
I
i , q˜
J
j ] =−
1
2
∫
dω
2pi
{[
q˜Ai (−ω)q˜Bj (ω) + q˜Bi (−ω)q˜Aj (ω)
]
×
√
nω(1 + nω)
[
GijA(ω)−GijR(ω)
]
+ q˜Ai (−ω)q˜Aj (ω)
[
(1 + n)GijR(ω)− nGijA(ω)
]
+ q˜Bi (−ω)q˜Bj (ω)
[
nGijR(ω)− (1 + n)GijA(ω)
]}
,
(A20)
where I, J=A,B and
GijR(ω) = −
√
λf(r˜)
pib2r˜1/2
Y−ω(r˜)∂r˜Yω(r˜)δij
∣∣
r˜→0, (A21)
GijA(ω) = −
√
λf(r˜)
pib2r˜1/2
Yω(r˜)∂r˜Y−ω(r˜)δij
∣∣
r˜→0. (A22)
This can be compared with [28], where GijR and G
ij
A are
conjectured to be the holographic retarded and advanced
Green’s functions. From (A20) and (22), the off-diagonal
one is related to the retarded Green’s function as (23) in
the main text,
iGijAB(ω)≡
SNG[q˜
I
i , q˜
J
j ]
δ(q˜Ai )δ(q˜
B
j )
=
−2e−ω/(2Ta)
1− e−ω/Ta ImG
ij
R (ω) . (A23)
If restoring the physical units, the exponential index be-
comes exp[− ~ωkBTa ], and Ta = ~ a2pikBc . Thus, the Planck
constant does not appear in the correlators.
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